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SOME CONSTRAINTS ON FROBENIUS MANIFOLDS
WITH A TT*-STRUCTURE
JIEZHU LIN
Abstract. The article gives a necessary and sufficient condition
for a Frobenius manifold to be a CDV-structure. We show that
there exists a positive definite CDV-structure on any semi-simple
Frobenius manifold. We also compare three natural connections
on a CDV-structure and conclude that the underlying Hermitian
manifold of a non-trivial CDV-structure is not a Ka¨hler manifold.
Finally, we compute the harmonic potential of a harmonic Frobe-
nius manifolds.
0. Introduction
Cecotti and Vafa [1] [4] considered moduli spaces of N = 2 super-
symmetric quantum field theories and introduced a geometry on them
which is governed by the tt*-equations. By the work of K. Saito
and M. Saito, it was previously known that the base space of a semi-
universal unfolding of a hypersurface singularity can be equipped with
the structure of what is now called a Frobenius manifold, after [5]. By
the work of Cecotti and Vafa it can be equipped with tt* geometry
if the singularity is quasi-homogeneous. tt* geometry generalizes the
notion of variation of Hodge structures. Inspired by the papers [5],
[1] and [4], C. Hertling combines these two structures together into a
structure which he calls a CDV-structure.
The purpose of the first part of this article is to give a necessary and
sufficient condition for a Frobenius manifold to be a CDV-structure.
This condition plays an important role in constructing examples of
CDV-structures, and in the existence CDV-structures on any semi-
simple Frobenius manifold. The purpose of the second part of this
article is to compare three natural connections on a CDV-structure and
conclude that the real structure κ cannot be flat and the underlying
real (1, 1)-form of a nontrivial semi-simple CDV-structure can not be
a symplectic form. In particular, the underlying Hermitian manifold
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of a nontrivial semi-simple positive CDV-structure cannot be a Ka¨hler
manifold.
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1. Frobenius manifold and tt* geometry
In this section we recall the notion of a Frobenius manifold and
CDV-structure. This will mainly serve to fix notation.
1.1. Saito structure and Frobenius manifold structure. Frobe-
nius manifolds were introduced and investigated by B. Dubrovin as
the axiomatization of a part of the rich mathematical structure of the
Topological Field Theory (TFT): cf. [6, 7, 9]
A Frobenius manifold (also called Frobenius structure on M) is a
quadruple (M, ◦, g, e, E). Here M is a manifold in one of the standard
categories (C∞, analytic, ...), g is a metric on M (that is, a symmetric,
non-degenerate bilinear form, also denoted by 〈 , 〉), ◦ is a commutative
and associative product on TM and depends smoothly on M , such that
if∇ denotes the Levi-Civita connection of g, all subject to the following
conditions:
a) ∇ is flat;
b) g(X ◦ Y, Z) = g(X, Y ◦ Z), for any X, Y, Z ∈ TM .
c) the unit vector field e is covariant constant w.r.t. ∇
∇e = 0;
d) Let
c(X, Y, Z) := g(X ◦ Y, Z)
(a symmetric 3-tensor). We require the 4-tensor
(∇Zc)(U, V,W )
to be symmetric in the four vector fields U, V,W, Z.
e) A vector field E must be determined on M such that
∇(∇E) = 0;(1.1)
LE(◦) = ◦;(1.2)
LE(g) = D · g.(1.3)
Remark 1.4. In this definition, because the metric g is flat and the unit
field e is covariant constant w.r.t.∇, then (1.3) implies (1.1).
Good reference is the last chapter in [10].
There are several equivalent ways to describe a Frobenius structure.
One way, called Saito structure, is recalled here:
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Definition 1.5. LetM be a complex analytic manifold of dimensionm.
A Saito structure onM (without metric) consists of the following data:
1) a flat torsion free connection ∇ on the tangent bundle TM ;
2) a symmetric Higgs field Φ on the tangent bundle TM , that is,
Φ is an OM -linear map Φ: ΘM → Ω
1
M ⊗ΘM such that
ΦXΦY = ΦY ΦX ;
3) two global sections (vector fields) e and E of ΘM , respectively
called unit field and Euler field of the structure.
These data are subject to the following conditions:
a) the meromorphic connection ∇˜ on the bundle π∗TM on P
1×M
defined by the formula
∇˜ = π∗∇+
π∗Φ
z
−
(Φ(E)
z
+∇E
)dz
z
is integrable;
b) the field e is ∇-horizontal (i.e., ∇e = 0) and satisfies Φe = − Id
(i.e., the product ◦ associated to Φ has e as a unit field).
Definition 1.6. Let M be a complex analytic manifold of dimen-
sion m. A Saito structure on M with metric consists of a Saito struc-
ture (∇,Φ, e, E) and of a metric g on the tangent bundle, satisfying the
following properties:
(1) ∇g = 0 (hence ∇ is the Levi-Civita connection of g);
(2) Φ∗ = Φ, i.e., for any local section X of ΘM , Φ
∗
X = ΦX , where
∗
denotes the adjoint w.r.t. g;
(3) there exists a complex number d ∈ C such that
∇E + (∇E)∗ = (2− d) · Id;
Proposition 1.7 ([6, 10]). On any manifoldM , there is an equivalence
between a Saito structure with metric and a Frobenius structure.
Locally, given a Frobenius manifold structure on open subset U ⊂
Cm, then we can find a function F = F (t), t = (t1, t2, . . . , tm), such
that its third derivatives
Cijk :=
∂F
∂ti∂tj∂tk
satisfy the following equations
1) Normalization:
gij := C1ij
is a constant non-degenerate matrix. Let
(gij) := (gij)
−1
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2) Associativity: the functions
Cij
k :=
∑
l
Cijl · g
lk
define a commutative and associative algebra on TtM by
∂ti ◦ ∂tj :=
∑
k
Ckij∂tk
3) Homogeneity: The function F must be quasi-homogeneous, i.e.,
LEF = dF · F + quadratic terms,
where E =
∑
i,j(q
j
i t
i + rj)∂tj , and dF ∈ C.
If the eigenvalues of ∇E are simple, then the Euler vector field can
be reduced to the form
E =
∑
i
dit
i∂ti +
∑
j|dj=0
rj∂tj .
where all rj are complex numbers, and all di are the eigenvalues of ∇E .
Moreover, if g(e, e) = 0, we have
Proposition 1.8 ([6]). Let M be a Frobenius manifold. Assume that
g(e, e) = 0 and that the eigenvalues of ∇E are simple. Then by a
linear change of coordinates ti the matrix gij can be reduced to the
anti-diagonal form
gij = δi+j,m+1;(1.9)
e = ∂t1 ..(1.10)
and in these coordinates
F (t) =
1
2
(t1)2tm +
1
2
(t1)2
∑
i
titm−i+1 + f(t2, t3, . . . , tm).(1.11)
for some function, the sum
di + dm−i+1
does not depend on i, and
dF = 2d1 + dm.
If the degrees are normalized in such a way that d1 = 1 then they can
be represented in the form
di = 1− qi; dF = 3− d,
where q1, q2, . . . , qm, d satisfy
q1 = 0, qm = d, qi + qm−i+1 = d.
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So, under the assumption of Proposition 1.8, we can choose a flat
holomorphic local coordinates t1, t2, . . . , tm ofM such that gij = δi+j,m+1,
e = ∂t1 and
E =
∑
i
dit
i∂ti +
∑
i|di=0
ri∂ti ;(1.12)
d1 = 1;(1.13)
di + dm+1−i = 2− d;(1.14)
dF = 3− d.(1.15)
1.2. CV-structure. In [8] Hertling considers the notion of a CV-
structure on any C∞ vector bundle K → M . He also considers the
notion of a CDV-structure on a manifold, which is a CV-structure on
the tangent bundle of a Frobenius manifold M satisfying some com-
patibility conditions. We now recall these structures and their basic
properties.
Definition 1.16 ([8]). Let M be a complex analytic manifold. A
DCC˜-structure is a C∞ vector bundle K → M together with a con-
nection D on it and two C∞M -linear maps
C : C∞(K) −→ A1,0M ⊗ C
∞(K);
C˜ : C∞(K) −→ A0,1M ⊗ C
∞(K)
with the following properties. Let D′ and D
′′
be the (1, 0)-part and the
(0, 1)-part of D, then
(C +D
′′
)2 = 0, (C˜ +D′)2 = 0;(1.17)
D′(C) = 0, D
′′
(C˜) = 0;(1.18)
D′D
′′
+D
′′
D′ = −(CC˜ + C˜C).(1.19)
Remark 1.20. a) In this definition, the equations (1.18) and (1.19)
are called tt*-equations in [1, 2, 3].
b) by (1.17), we have a family flat (0, 1)-connections D′′ + zC˜ on
K for any z ∈ C, so K comes equipped with a family of holo-
morphic structures.
Definition 1.21 ([8]). Let M be a complex analytic manifold. A
CV-structure is a quadruple (K → M,D,C, C˜, κ, h,U ,Q) such that
(K →M,D,C, C˜) is a DCC˜-structure, and the other objects have the
following properties:
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a) κ is a fiberwise C-anti-linear automorphism of K as a C∞- bun-
dle with
κ2 = Id;(1.22)
D(κ) = 0;(1.23)
κCκ = C˜.(1.24)
b) h is a Hermitian pseudo-metric on K; that is, it is linear on
the left, semi-linear on the right, non-degenerate, and satisfies
h(b, a) = h(a, b). It also has the three properties:
h takes real values on KR := ker(κ− Id) ⊂ K;(1.25)
h(CXa, b) = h(a, C˜Xb) for a, b ∈ C
∞(K), X ∈ T 1,0M ;(1.26)
D(h) = 0.(1.27)
c) U and Q are C∞M -linear endomorphism of K with
[C,U ] = 0;(1.28)
D′(U)− [C,Q] + C = 0;(1.29)
D
′′
(U) = 0;(1.30)
D′(Q) + [C, κUκ] = 0;(1.31)
κQκ +Q = 0;(1.32)
h(Ua, b) = h(a, κUκb);(1.33)
h(Qa, b) = h(a,Qb).(1.34)
Remark 1.35. Given any CV-structure (K → M,D,C, C˜, κ, h,U ,Q),
if h is positive, then (K → M,D,C, C˜, κ, h,U ,Q) is called positive
CV-structure, denote by CV⊕-structure.
If we combine the Frobenius manifold structure and CV-structure
together, then we get the following structure.
Definition 1.36 ([8]). LetM be a complex analytic manifold. A CDV-
structure on M is a CV-structure (T
(1,0)
M → M,D,C, C˜, κ, h,U ,Q),
together with a Frobenius manifold structure (M, ◦, e, E , g) such that
CXY = −X ◦ Y , E = U(e), and
Q = DE − LE −
2− d
2
Id,
for some d ∈ R and such that the following equivalent conditions hold
De − Le = 0;(1.37)
⇔ Dee = 0;(1.38)
⇔ Le(h) = 0⇔ Le(h) = 0;(1.39)
⇔ Le(κ) = 0⇔ Le(κ) = 0.(1.40)
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Given a Frobenius manifold, giving a CDV-structure on it amounts to
giving a real structure on T
(1,0)
M satisfying some compatibility conditions
made precise in the following proposition.
Proposition 1.41 ([8]). Let M be a complex analytic manifold. A
CDV-structure on M is a Frobenius manifold (M, ◦, e, E , g) together
with a real structure on T
(1,0)
M given by a fiber-wise C-anti-linear invo-
lution κ : T
(1,0)
M → T
(1,0)
M such that the following holds:
(1) Extend g to the complex bundle T
(1,0)
M . The form h := g(·, κ·)
is a Hermitian pseudo-metric and satisfies
h(CXY, Z) = h(Y, κCXκZ), for X, Y, Z ∈ TM ;(1.42)
Le(h) = 0;(1.43)
LE−E(h) = 0;(1.44)
(2) The metric connection D on T
(1,0)
M for h respects κ, i.e. D(h) =
0 and D(κ) = 0.
(3) The number d such that LE(g) = (2− d) · g is real.
(4) Let Q be the endomorphism of T
(1,0)
M as real analytic complex
vector bundle defined by
Q := DE −LE −
2− d
2
Id,
and let π : C × M → M be the projection. Lift D and Q
canonically to π∗T
(1,0)
M . Then
∇CV := D +
1
z
C + zκCκ +
(1
z
U −Q− zκUκ
)dz
z
is a flat meromorphic connection on π∗T
(1,0)
M |C∗×M .
1.3. Ka¨hler manifolds. We recall classical results in order to fix nota-
tion (see e.g. [13]). Any complex analytic manifold M comes equipped
with an almost complex manifold (MR, J), where MR is the underlying
real manifold of M , and J is the complex structure induced by i. We
get two complex vector bundles on MR: on one hand, (T
(1,0)
M , i) is a
complex vector bundle on MR; on the other hand, (TMR, J) is another
vector bundle, where TMR is the real tangent bundle of MR. These two
complex vector bundles are isomorphic. Let us recall the isomorphism.
Let z1, z2, . . . , zm be a system of holomorphic local coordinates on
M , and set
zj = xj + iyj, ∀j.
Then x1, . . . , xm, y1, . . . , ym is a system of real local coordinates of MR
and
∂zj =
1
2
(∂xj − i∂yj ).
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On TMR, J is determined by
J∂xj = ∂yj , J∂yj = −∂xj , ∀j.
Define a map Re as follows:
Re : (T
(1,0)
M , i)→ (TMR, J),
Re(∂zj ) := (∂xj ), Re(i∂zj ) := (∂yj ), ∀j.
We note that the map Re defined above is an isomorphism of real
vector bundles on MR, and satisfies
Re ◦ i = J ◦ Re,
where ◦ is the composition of endomorphisms. So it is an isomorphism
of complex vector bundles.
Moreover, Re induces a dual isomorphism
Re∗ : Ω1MR → A
(1,0)
M , dx
j 7→ dzj , dyj 7→ −idzj , ∀j.
So we have an induced isomorphism from Re and Re∗−1:
R˜e := Re⊗Re∗−1 : A
(1,0)
M ⊗ T
(1,0)
M → Ω
1
MR
⊗ TMR.
Any Hermitian pseudo-metric h on M can be decomposed as
h = ĝ − iω̂,
where ĝ (resp. −ω̂) is the real part (resp. imaginary part) of h. Then
ĝ is a Riemannian pseudo-metric(that is, a symmetric, non-degenerate
bilinear form) and ω̂ is a real (1, 1)-form on MR. (MR, ω̂) is called a
symplectic manifold if dω̂ = 0. (M,h) is called Ka¨hler if dω̂ = 0 and h
is positive-definite. The Levi-Civita connection of (TMR, ĝ) is denoted
by ∇̂, and the Chern connection of (T
(1,0)
M , h) by D
′.
Theorem 3.13 in [13] gives a characterization of Ka¨hler metrics: h
is Ka¨hler if and only if the Chern connection D′ and the Levi-Civita
connection ∇̂ coincide on T
(1,0)
M , identified with TMR via the map Re.
That means
(1.45) R˜e(D′V ) = ∇̂Re(V ), ∀V ∈ T
(1,0)
M .
2. Main results
We first give a simple necessary and sufficient condition on a real
structure κ to produce a CDV-structure on a Frobenius manifold M .
Theorem 2.1. Let (M, g, ◦, e, E) be a Frobenius manifold, and let κ be
an anti-linear involution of T
(1,0)
M such that h(a, b) := g(a, κb) satisfies
h(a, b) = h(b, a). Let us denote by Dh = D
′ + ∂ the Chern connection
of h and by d the real number such that LE(g) = (2 − d)g. Let us set
Q := D′E − LE −
2−d
2
· Id and let us define Φ by ΦXY := −X ◦ Y . We
also denote by Q† and Φ† the h-adjoints of Q and Φ.
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Assume moreover that
Q = Q†;(2.2)
D′(Φ) = 0; D′∂ + ∂D′ = −(Φ ∧ Φ† + Φ† ∧ Φ).(2.3)
Then (M, g, ◦, e, E , κ) is a CDV-structure.
Clearly, the assumptions of Theorem 2.1 are necessary to get a CDV-
structure. When a Frobenius manifold is trivial (cf. Definition 2.5 be-
low), we can find the discussion of the Hermitian metric in Dubrovin’s
paper [5]. As a consequence, we show that CDV⊕-structures exist on
all semi-simple Frobenius manifolds by giving an explicit example:
Theorem 2.4. Let (M, g, ◦, e, E) be a semi-simple Frobenius manifold.
Let (u1, u2, . . . , um) be a system of canonical local coordinates of M and
let η be the associated metric potential. Define a matrix K of functions
on M by
K := diag
( |η1|
η1
,
|η2|
η2
, . . . ,
|ηm|
ηm
)
,
Let κ : T
(1,0)
M → T
(1,0)
M be the C anti-linear endomorphism defined by
κ∂uα = Kαα∂uα .
Then (M, g, ◦, e, E , κ) is a CDV⊕-structure on M with Q = 0, and
h = diag(|η1|, |η2|, . . . , |ηm|).
Moreover the connection forms ωβα :=
∑
γ ∂hαγ · h
γβ for the Chern
connection of h are holomorphic and the matrix ω = (ωβα) is given by
ω = diag
(∂η1
2η1
,
∂η2
2η2
, . . . ,
∂ηm
2ηm
)
.
In the second part of this article we compare three natural con-
nections on a non-trivial CDV-structure. Given any CDV-structure
(T
(1,0)
M → M, g, ◦, e, E , κ) on a complex analytic manifold M , we have
three connections on the tangent bundle. The first one is the Levi-
Civita connection ∇ for g, which is a holomorphic connection, that we
extend to a (1, 0)-connection on T
(1,0)
M . The second one is the Chern
connection D′ with respect to h, where h is defined above by g and κ,
which is also a (1, 0)-connection on T
(1,0)
M . The third one is the Levi-
Civita connection ∇̂ of the Riemannian pseudo-metric ĝ (cf. §1.3), that
we consider as a (1, 0)-connection on T
(1,0)
M by using (1.45) as the defi-
nition.
Definition 2.5. A Frobenius manifold (M, g, ◦, e, E) is said to be trivial
if, locally, the potential function is a polynomial of degree three when
expressed in some holomorphic ∇-flat local coordinates t1, . . . , tm.
A CDV-structure (resp. a CDV⊕-structure) is non-trivial if the un-
derlying Frobenius manifold is non-trivial.
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We have the following easy criterion for triviality.
Lemma 2.6. Let (M, g, ◦, e, E) be a semi-simple Frobenius manifold.
Assume that any system of canonical local coordinates is flat. Then the
semi-simple Frobenius manifold is trivial and, for any such system of
coordinates, the potential η of the metric relative to this system, defined
by g(∂uα, ∂uα) = ∂η/∂u
α (α = 1, . . . , m), is linear in the coordinates up
to an additive constant. 
We first show that ∇ and D′ do not coincide on a non-trivial semi-
simple CDV-structure.
Theorem 2.7. Let (M, g, ◦, e, E) be a Frobenius manifold. Suppose
that there exists a C-anti-linear involution κ such that (M, g, ◦, e, E , κ)
is a CDV-structure.
(1) The following properties are equivalent:
(a) κ is ∇-flat,
(b) D′ = ∇.
(2) If these properties are satisfied and (M, g, ◦, e, E) is semi-simple,
then any canonical local coordinate system (u1, u2, . . . , um) of
(M, g, ◦, e, E) is ∇-flat and Q = 0. In particular, the semi-
simple Frobenius manifold is trivial. Moreover, if (M, g, ◦, e, E , κ)
is a CDV⊕-structure, in any such system of coordinates, the
matrices of κ and h are expressed as in Theorem 2.4.
Let us check that 2.7(1) holds. Because κ defines a CDV-structure,
we have D(κ) = 0, that is, D′(κ) = 0 and ∂(κ) = 0.
If D′ = ∇, we have
(∇+ ∂)(κ) = (D′ + ∂)(κ) = 0.
Conversely, if κ is ∇-flat, then (∇+ ∂)(κ) = 0 and
∇κ = κ∂ = D′κ
However, κ is an involution of T
(1,0)
M , hence
D′ = ∇.
Corollary 2.8. For any non-trivial semi-simple CDV-structure, we
have D′ 6= ∇. 
Corollary 2.9. For any non-trivial semi-simple CDV-structure, the
Chern connection D′ is not torsion-free.
Proof. Assume thatD
′
is torsion-free. Because of the relationD
′
(g) = 0,
which is deduced from relations (1.23) and (1.27) in the definition of a
CDV-structure, we conclude that D
′
is the Levi-Civita connection of g.
So we have D
′
= ∇, in contradiction with corollary 2.8. 
We will also compare D′ and ∇ with the Levi-Civita connection ∇̂
of the Riemannian pseudo-metric ĝ (cf. §1.3).
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Theorem 2.10. Let (M, g, ◦, e, E , κ) be a non-trivial, semi-simple CDV-
structure. Then
(1) ω̂ is not a symplectic form on MR. Moreover, if (M, g, ◦, e, E , κ)
is a CDV⊕-structure, then the underlying Hermitian manifold
(M,h) is not a Ka¨hler manifold.
(2) the three connections ∇, D′, ∇̂ are pairwise distinct (after the
identification of T
(1,0)
M with TMR via Re).
In [12], Atsushi Takahashi shows that the matrix h of a CDV⊕-
structure of dimension two with d 6= 0 is diagonal when expressed in
holomorphic ∇-flat local coordinates. In dimension bigger than two,
we show that the opposite conclusion holds.
Corollary 2.11. Let (M, g, ◦, e, E , κ) be a non-trivial, semi-simple CDV-
structure. If dimCM ≥ 3, then for any ∇-flat holomorphic local coor-
dinates t1, t2, . . . , tm, the matrix (hij) cannot be diagonal.
3. Proof of the theorems
3.1. Necessary and sufficient condition: proof of Theorem 2.1.
In this subsection, we will use a system of holomorphic ∇-flat local
coordinates t1, t2, . . . , tm of the Frobenius manifold. We will then use
the following notations:
κ(∂ti) =
∑
k
Kik∂tk ,(3.1)
Φ∂
ti
(∂tj ) = −
∑
k
C(i)
k
j∂tk ,(3.2)
Φ†
∂
ti
(∂tj ) = −
∑
k
C˜(i)
k
j∂tk .(3.3)
If we define Cij
k by
−Φ∂
ti
(∂tj ) =
∑
k
Cij
k∂tk ,
then we have
C(i)
k
j = Cij
k.
Because of h(X, Y ) = g(X, κY ) and Φ∗ = Φ, we have, for all X, Y ,
h(X,Φ†Y ) = h(ΦX, Y )
= g(ΦX, κY )
= h(X, κΦκY ),
that is,
Φ† = κΦκ.
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This is expressed by C˜(i) = K · C(i) ·K, i.e.,
C˜(i)
k
j =
∑
p,q
Kjp · Cip
q ·Kqk,
Let Dh be the Chern connection of h and let ω
j
i :=
∑
k ∂hik · h
kj be
the connection forms for D′ in the local holomorphic ∇-flat coordinates
ti.
Proof of Theorem 2.1. We just need to prove that
(T
(1,0)
M → M,Dh,Φ,Φ
†, κ, h,U := E◦,Q)
is a CV-structure and
D′ee = 0.
Firstly, we will prove that
D(κ) = 0,
which is given by the following two lemmas.
Lemma 3.4. If h(a, b) = g(a, κb) and κ2 = Id hold, then we have
h−1 = g−1 · h · g−1.
Proof of Lemma 3.4. If h(a, b) = g(a, κb), then
hij =
∑
k
Kjk · gki,
where K is the matrix of κ given by (3.1) and hij = h(∂ti , ∂ti), that is,
ht = K · g.
But h satisfies h(Y,X) = h(X, Y ), so
h = ht = K · g,
i.e.,
K = h · g−1,
and thus
h−1 = g−1 ·K
−1
.
Now we will compute K
−1
.
∂ti = κκ(∂ti) = κ
(∑
k
Kik · ∂tk
)
=
∑
k
Kikκ(∂tk) =
∑
k,l
Kik ·Kkl · ∂tl ,
that is ∑
k,l
Kik ·Kkl = δ
l
i.
So we have
K ·K = K ·K = Im×m.
i.e.,
K
−1
= K.
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Therefore,
h−1 = g−1 ·K
−1
= g−1 ·K = g−1 · h · g−1. 
Lemma 3.5. Under the assumptions of Theorem 2.1, we have
Dh(κ) = 0.
Proof of Lemma 3.5. By definition Dh(κ) = 0 is equivalent to
D′Xκ = κ∂X , ∀X ∈ ΘM
This is equivalent to
D′∂
ti
κ(∂tj ) = κ∂∂
ti
(∂tj ) ∀i, j.
Clearly, the right-hand term is zero, hence proving Dh(κ) = 0 amounts
to proving
(3.6) ∂K +K · ω = 0.
From Lemma 3.4, we get
ω = ∂h · h−1
= (∂K · g) · (g−1 · h · g−1)
= ∂K · h · g−1
= ∂K−1 · h · g−1
= −K−1 · ∂K ·K−1 · h · g−1
= −K · ∂K ·K · h · g−1
= −K · ∂K
= −K−1 · ∂K,
and thus,
ω +K−1 · ∂K = 0,
which gives (3.6). 
Let us continue the proof of Theorem 2.1. Having proved D(κ) = 0,
we obtain
(D′)2κ = D′κ∂ = κ∂
2
= 0,
and since κ is an involution, we deduce
(D′)2 = 0.
So, together with the assumption (2.3), we conclude that (Dh+Φ+
Φ†)2 = 0. Hence (T
(1,0)
M →M,Dh,Φ,Φ
†) is a (DCC˜)-structure.
The relations (1.22), (1.24), (1.25), (1.26), (1.27), (1.28) and (1.30)
hold obviously.
The relation (1.29) follows from D′(Φ) = 0. In fact, if D′(Φ) = 0
holds, we have D′X(ΦE) − D
′
E(ΦX) − Φ[X,E] = 0 for any X ∈ ΘM . So
D′(U)− [Φ,Q] +Φ = 0 is equivalent to LE(◦) = ◦, which is part of the
assumption that M is a Frobenius manifold.
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We will show that relation (1.31) can be deduced from the assump-
tion Q = Q† and (2.3).
Lemma 3.7. Under the assumptions of Theorem 2.1, we have
D′(Q) + [Φ, κUκ] = 0
Proof of Lemma 3.7. We first show that, under the conditions of The-
orem 2.1,
(3.8) − [Φ, κUκ] = [∂E , D
′
X ] + (D
′ + ∂)[X,E], ∀X ∈ ΘM .
In fact, D′∂ + ∂D′ = −(Φ ∧ Φ† + Φ† ∧ Φ) holds, so we have
(D′∂ + ∂D′)(X, Y ) = −(Φ ∧ Φ† + Φ† ∧ Φ)(X, Y ), ∀X, Y ∈ T
(1,0)
M .
That is,
[D′X , ∂Y ]− (D
′ + ∂)[X,Y ] = −[ΦX ,Φ
†
Y
].
Take Y = E , then
[D′X , ∂E ]− (D
′ + ∂)[X,E] = −[ΦX ,Φ
†
E
] = [ΦX , κUκ], ∀X ∈ T
(1,0)
M .
This relation is linear with respect to X , so it holds for all X ∈ T
(1,0)
M
if and only if it holds for all X ∈ ΘM , hence (3.8).
Now we will prove the lemma by proving
(3.9) D′(Q) = [∂E , D
′
X ] + (D
′ + ∂)[X,E], ∀X ∈ ΘM .
Under the assumptions of the theorem, we have Q† = Q, that is,
h(QX, Y ) = h(X,QY ), ∀X, Y ∈ ΘM .
So ∀W ∈ ΘM we have
∂Wh(QX, Y ) = h(D
′
WQX, Y ),
∂Wh(X,QY ) = h(D
′
WX,QY ) + h(X, ∂WQY ),
So we get
h(D′WQX, Y )− h(D
′
WX,QY ) = h(X, ∂WQY ),
i.e.,
(3.10) h(D′WQX −QD
′
WX, Y ) = h(X, ∂WQY ) = h(X, ∂WD
′
EY ),
Claim 1. h(X, ∂WD
′
EY ) = h(∂ED
′
WX, Y ), ∀X, Y,W ∈ ΘM .
In fact,
∂Eh(X, Y ) = h(X,D
′
EY )
So
∂W∂Eh(X, Y ) = ∂Wh(X,D
′
EY )
= h(D′WX,D
′
EY ) + h(X, ∂WD
′
EY )
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Similarly, we have
∂E∂Wh(X, Y ) = ∂Eh(D
′
WX, Y )
= h(D′WX,D
′
EY ) + h(∂ED
′
WX, Y )
Since W ∈ ΘM , we get
∂W∂Eh(X, Y ) = ∂E∂Wh(X, Y ),
hence
(3.11) h(X, ∂WD
′
EY ) = h(∂ED
′
WX, Y ).
The relations (3.10) and (3.11) imply
h(D′W (Q)X, Y ) = h(∂ED
′
WX, Y ) = h([∂E , D
′
W ]X, Y ), ∀X, Y, Y ∈ ΘM .
Because h is non-degenerate,
D′W (Q) = [∂E , D
′
W ] = [∂E , D
′
W ] + (D
′ + ∂)[W,E], ∀W ∈ ΘM ,
hence (3.9), and this ends the proof of Lemma 3.7. 
Let us continue to prove the theorem 2.1.
Claim 2. Dh(κ) = 0⇔ D
′(g) = 0.
We just prove Dh(κ) = 0 ⇒ D
′(g) = 0, the other direction holds
similarly.
Since D is the Chern connection of h, we have
∂h(X, Y ) = h(D′X, Y ) + h(X, ∂Y ), ∀X, Y ∈ T
(1,0)
M .
If Dh(κ) = 0, by h(X, Y ) = g(X, κY ) and κ
2 = Id we get
∂g(X, Y ) = ∂h(X, κY )
= h(D′X, κY ) + h(X, ∂κY )
= h(D′X, κY ) + h(X, κD′Y )
= g(D′X, Y ) + g(X,D′Y ),
i.e.
D′(g) = 0. 
Claim 3. Under the condition D′(g) = 0,
Q+Q∗ = 0⇔ LE(g) = (2− d) · g.
This will prove that Q + Q∗ = 0 holds under the assumption of
Theorem 2.1, according to Lemma 3.5 and Claim 2, since the relation
LE(g) = (2− d) · g is included in the definition a Frobenius manifold.
Proof of Claim 3. In fact, by definition, Q+Q∗ = 0 is equivalent to
g(QX, Y ) + g(X,QY ) = 0.
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Computing the left hand side of the above relation, we get
g(QX, Y ) + g(X,QY ) = g(D′EX, Y )− g(LEX, Y )−
2− d
2
· g(X, Y )
+ g(X,D′EY )− g(X,LEY )−
2− d
2
· g(X, Y )
= Eg(X, Y )− g(LEX, Y )− g(X,LEY )− (2− d) · g(X, Y )
= LE(g)(X, Y )− (2− d) · g(X, Y )
= [LE(g)− (2− d) · g](X, Y ). 
However Q+Q∗ = 0 together with the assumption Q = Q† imply
Q+ κQκ = 0.
The relation U † = κUκ holds because Φ† = κΦκ. Hence (T
(1,0)
M →
M,Dh,Φ,Φ
†, κ, h,U ,Q) is a CV-structure.
It remains to prove Dee = 0. As e is holomorphic, it is enough to
prove
(3.12) D′ee = 0.
By the assumption of Theorem 2.1, we have D′(Φ) = 0, and since
Φe = − Id this implies
D′e(Φ∂ti ) = D
′
∂
ti
(Φe) = 0, ∀i
and therefore,
D′e(Φ∂ti )(e) = 0 ∀i.
Computing the above relation we get
D′e(Φ∂ti )(e) = D
′
e(Φ∂tie)− Φ∂tiD
′
ee
= −D′e∂ti + ∂ti ◦D
′
ee
= 0.
i.e.,
D′e∂ti = ∂ti ◦D
′
ee, ∀i.
On the other hand, D′(g) = 0 holds as a consequence of Lemma 3.5
and Claim 2, hence
∂g(X, Y ) = g(D′X, Y ) + g(X,D′Y ), ∀X, Y ∈ T
(1,0)
M ,
and therefore
∂eg(e, Y ) = g(D
′
ee, Y ) + g(e,D
′
eY ), ∀Y ∈ T
(1,0)
M .
Take Y = ∂ti . Then
g(e,D′e∂ti) = g(e, ∂ti ◦D
′
ee) = g(∂ti ◦ e,D
′
ee) = g(D
′
ee, ∂ti).
As a consequence, since e is holomorphic and flat,
0 = eg(e, ∂ti) = g(D
′
ee, ∂ti) + g(e,D
′
e∂ti) = 2g(D
′
ee, ∂ti) ∀i,
giving thus (3.12). This ends the proof of Theorem 2.1. 
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3.2. Existence of a CDV⊕-structure: proof of Theorem 2.4.
Let (u1, u2, . . . , um) be a system of canonical local coordinates of M .
We will denote eα = ∂uα for α = 1, . . . , m. The matrix K defined in
Theorem 2.4 obviously satisfies
K ·K = Im×m.
Therefore, the associated anti-linear endomorphism κ is an involution
of T
(1,0)
M . We will check this κ together with the Frobenius manifold
structure define a CDV⊕-structure on M .
Let h be the sesquilinear form associated to κ and g as in Proposition
1.41(1). Then
(3.13) (hαβ)m×m = diag(|η1|, |η2|, . . . , |ηm|).
Since g is non-degenerate, ηα := g(eα, eα) does not vanish and h is a
Hermitian metric on M . Let D′ be the Chern connection of h. Then
the matrix ω of connection forms of D′ satisfies
ω = diag(∂ log |η1|, ∂ log |η2|, · · · , ∂ log |ηm|).
By a straightforward computation we get
(3.14) ω = diag
(∂η1
2η1
,
∂η2
2η2
, . . . ,
∂ηm
2ηm
)
.
So all ωαα are holomorphic 1-forms.
Claim. The Chern connection D′ of h defined by (3.13) satisfies (2.3).
The relation D′(Φ) = 0 is a consequence the following lemma.
Lemma 3.15. Let M be a semi-simple Frobenius manifold M of di-
mension m and let h be a non-degenerate sesquilinear form on M , with
associated Chern connection D′. Let (u1, . . . , um) be a local system of
canonical coordinates on M and let ω = (ωβα) be the connection matrix
of h in these coordinates. Then D′(Φ) = 0 is equivalent to
• ωβα(eα + eβ) = 0, ∀α 6= β, if m = 2,
• and, if m ≥ 3, to{
ωβα(eγ) = 0, ∀γ 6= α, γ 6= β, α 6= β,
ωβα(eα + eβ) = 0, ∀α 6= β.
Proof of Lemma 3.15. By definition D′(Φ) = 0 is equivalent to
D′eα(Φeβ) = D
′
eβ
(Φeα), ∀α, β,
that is, to
(3.16) D′eα(Φeβ)(eγ) = D
′
eβ
(Φeα)(eγ), ∀α, β, γ.
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Assume that α, β, γ are pairwise distinct. Then, because (uα) are
canonical, Φeα(eγ) = 0 and Φeβ(eγ) = 0, so
D′eα(Φeβ)(eγ)−D
′
eβ
(Φeα)(eγ) = eβ ◦D
′
eα
eγ − eα ◦D
′
eβ
eγ
= ωβγ (eα)eβ − ω
α
γ (eβ)eα,
Hence, for any such α, β, γ, D′eα(Φeβ)(eγ) = D
′
eβ
(Φeα)(eγ) is equivalent
to
ωβγ (eα) = 0.
Assume now α 6= β and take γ = α in the relation (3.16). Then
D′eα(Φeβ)(eα)−D
′
eβ
(Φeα)(eα) = eβ ◦D
′
eα
eα − eα ◦D
′
eβ
eα +D
′
eβ
eα
= ωβα(eα)eβ − ω
α
α(eβ)eβ +
∑
γ
ωγα(eβ)eγ
= ωβα(eα)eβ +
∑
γ 6=α
ωγα(eβ)eγ
= ωβα(eα)eβ + ω
β
α(eβ)eβ,
The last equality holds because ωβγ (eα) = 0, ∀γ 6= α, γ 6= β. So
D′eα(Φeβ)(eα)−D
′
eβ
(Φeα)(eα) = 0 is equivalent to
ωβα(eα + eβ) = 0. 
We continue to prove Theorem 2.4. Since ω is diagonal, we have
D′(Φ) = 0 according to Lemma 3.15. Let us now consider the other
equation in (2.3).
Lemma 3.17. Given any quadruple (M,D
′
,Φ,Φ†), where M is a com-
plex analytic manifold, D
′
is a (1, 0) connection on T
(1,0)
M , Φ and Φ
†
are C∞M -linear maps
Φ : T 1,0M → A
1,0
M ⊗ T
1,0
M ,
Φ† : T 1,0M → A
0,1
M ⊗ T
1,0
M .
Then the relation D′∂ + ∂D′ = −(Φ ∧ Φ† + Φ† ∧ Φ) is equivalent to
∂zjω(∂zi) = [C˜(j), C
(i)], ∀i, j.
where zj are any holomorphic local coordinates of M , and ω is the
matrix of connection forms for D′. Moreover, C(i) and C˜(j) are defined
by relations (3.2) and(3.3).
Proof. Straightforward computation. 
The quadruple (M,D
′
,Φ,Φ†) we defined above satisfies the assump-
tion of Lemma 3.17, so by Lemma 3.17 applied with canonical coordi-
nates, we are reduced to proving
(3.18) ∂βω(∂α) = [C˜(β), C
(α)], ∀α, β,
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where the matrices C(α) and C˜(β) are defined by (3.2) and (3.3) in
canonical local coordinates.
Firstly, we will compute the right hand side of (3.18). Obviously, in
a system of canonical local coordinates of the Frobenius manifold, the
matrices C(α) satisfy
(3.19)
{
C(α)
γ
β = 1, if γ = α = β,
C(α)
γ
β = 0, otherwise.
Now we will compute C˜(β).
C˜(β) = K · C(β) ·K
= diag
(
0, . . . , 0,
|ηβ|
ηβ
·
|ηβ|
ηβ
, . . . , 0, . . . , 0
)
= diag(0, . . . , 0, 1, 0, . . . , 0)
= C(β).
Therefore,
[C˜(β), C(α)] = 0, ∀α, β.
Now we just need to check
eβω(eα) = 0, ∀α, β.
Since all ηα = gαα are nonzero holomorphic functions, we get that all
ωαα = eαηα/2ηα are holomorphic. Hence
eβω
γ
γ(eα) = 0, ∀α, β, γ.
This finishes the proof of the claim. The relation Q† = Q is implied
by the relation Q := D′E − LE −
2−d
2
Id = 0, that we now prove.
We again use a system of canonical local coordinates uα. We can
normalize it in such a way that
E =
∑
α
uαeα.
Therefore,
(3.20) LEeα = −eα, ∀α.
Let us now recall:
Lemma 3.21 ([9]: Theorem 3.6, p.31). Let (M, ◦, g, e, E) be a semi-
simple Frobenius manifold and let u1, u2, . . . , um be a system of canon-
ical local coordinates of M such that E =
∑
α u
αeα. Then
LE(g) = (2− d)g ⇔ LEg(∂uα, ∂uα) = (−d) · g(∂uα, ∂uα), ∀α.
Since the relation LE(g) = (2− d)g is included in the definition of a
Frobenius manifold, by lemma 3.21, we have
Eηα = (−d) · ηα, ∀α,
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so we have,
D′Eeα = ω
α
α(E) · eα
=
Eηα
2ηα
· eα
=
−d
2
· eα
Hence, for all α, we get
Qeα = D
′
Eeα − LEeα −
2− d
2
· Id
=
−d
2
· eα + eα −
2− d
2
· Id
= 0.
By Theorem 2.1, we conclude that (M, g, ◦, e, E , κ) is a CDV⊕-struc-
ture on M with Q = 0. 
Remark 3.22. For dimension two, under the assumptions of Theorem
2.4, we get a CDV⊕-structure onM which is contained in the discussion
of [12].
3.3. Comparison of three connections and non-Ka¨hler prop-
erty. In the proof of theorem 2.7, we will use a system of canonical
local coordinates u1, u2, . . . , um. We normalize the canonical local co-
ordinates u1, u2, . . . , um in such a way that E =
∑
α u
αeα.
Proof of theorem 2.7. We assume that κ is ∇-flat.
Claim. The matrix of connection forms ωβα for D
′
is diagonal in (uα).
Proof. Since D′ = ∇, (2.3) implies
(Φ ∧ Φ† + Φ† ∧ Φ) = −(D′∂ + ∂D′) = −(∇∂ + ∂∇) = 0.
By a straightforward computation, we get
(3.23) [C˜(β), C(α)] = 0, ∀α, β.
Using (3.19), (3.23) implies
Kνβ ·Kβα · δγα = Kαβ ·Kβγ · δνα, ∀α, β, γ, ν.
Taking ν = α, γ 6= α, we get
(3.24) Kαβ ·Kβγ = 0, ∀α, β, γ with α 6= γ.
By the non-degeneracy of κ, for any β there exists an index µβ such
that Kµββ 6= 0. From relation (3.24), we have
Kµββ ·Kβγ = 0, ∀β, γ with γ 6= µβ,
Hence we get
Kβγ = 0, ∀γ 6= µβ.
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That is, for any β, there exists a unique µβ, such that Kβµβ 6= 0.
Similarly, for any γ, there exists unique νγ , such that Kνγγ 6= 0.
Assume that there exist α such that να 6= µα. We will deduce a
contradiction. By relation (3.24), we get
Kναα ·Kαµα = 0.
Hence we get that either Kναα = 0 or Kαµα = 0. This gives a contra-
diction.
So we conclude that for any α, there exists a unique να such that
(3.25) Kανα ·Kναα 6= 0.
Since the relation (1.23) is included in the definition of a CDV-structure,
by straightforward computations, we have
(3.26) ω = −K · ∂K.
By relations (3.24), (3.25) and (3.26), we get
(3.27) ωβα = −δαβ ·Kανα · ∂Kναα, ∀α, β.
Hence we conclude that
ω = diag(−K1ν1 · ∂Kν11, · · · ,−Kmνm · ∂Kνmm). 
Let η be the metric potential in the coordinates uα, i.e.,
ηα = gαα = eαη.
We want to prove that e1, e2, . . . , em are∇-flat, so we just need to prove
all ηα are constants, i.e.
eαηβ = eαηβ = 0, ∀α, β.
Claim. eαηβ = 0, ∀α, β.
Proof. We have shown that ω is diagonal, hence
D′eαeβ = ω
β
β (eα) · eβ .
Let us recall:
Lemma 3.28 ([9], proof of Theorem 3.3, p. 28-30). Let (M, g, ◦, e, E)
be a semi-simple Frobenius manifold, and let u1, u2, . . . , um be a system
of canonical local coordinates of M . Then
∇αeα =
1
2
η−1α eαηα · eα −
∑
γ 6=α
1
2
η−1γ eγηα · eγ .
For α 6= β we have
∇αeβ =
1
2
η−1α eβηα · eα +
1
2
η−1β eαηβ · eβ.
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By Lemma 3.28, for α 6= β, we have
∇αeβ =
1
2
· η−1α · (eβηα) · eα +
1
2
· η−1β · (eαηβ) · eβ .
From D′ = ∇ we get
ωββ (eα) · eβ =
1
2
· η−1α · (eβηα) · eα +
1
2
· η−1β · (eαηβ) · eβ, ∀α 6= β.
Comparing the coefficients of eβ gives
(3.29) eαηβ = 0, ∀α 6= β.
Lemma 3.28 and (3.29) give
(3.30) ∇αeα =
1
2
· η−1α · (eαηα) · eα
and
(3.31) ∇αeβ = 0, ∀α 6= β.
Recall also that the unit e =
∑
eα is ∇-flat, i.e.
(3.32) ∇eαe = 0, ∀α.
By relations (3.30), (3.31) and (3.32), we get
η−1α eαηα · eα = 2 · ∇eαeα = ∇eαe = 0,
i.e.
(3.33) eαηα = 0, ∀α.
From the claim, we get
∂ηα = 0, ∀α.
Since all ηα are holomorphic, we get ∂ηα = 0, ∀α, i.e.
(3.34) dgαα = dηα = 0, ∀α.
Hence we conclude that u1, u2, . . . , um are ∇-flat holomorphic local
coordinates of M . Arguing now as in Theorem 2.4, we conclude that
Q = 0.
Moreover, if h is positive, since hαα = Kαα · ηα > 0, we get
να = α, ∀α.
So we conclude that
hαβ = δαβ · |ηα|.
Arguing now as in Theorem 2.4, we conclude that the matrices of κ
and h are expressed as in Theorem 2.4 in (uα), which ends the proof
of Theorem 2.7. 
Proof of Theorem 2.10 (1). Recall that we set h = ĝ− iω̂ and we have
ω̂ = g(·, J ·). The relation dω̂ 6= 0 is a consequence the following lemma.
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Lemma 3.35. Let M be a complex analytic manifold. Let h be a
Hermitian pseudo-metric on it. Let −ω̂ be the imaginary part of h.
Denote by D
′
the Chern connection of h. Then
dω̂ = 0⇔ D′XY −D
′
YX = [X, Y ], ∀X, Y ∈ T
(1,0)
M .
Proof. Let t1, . . . , tm be any system of holomorphic local coordinates
of M . Then
(3.36) ω̂ =
i
2
∑
k,l
hkldt
k ∧ dtl,
hence
∂ω̂ =
i
2
∑
k,l,p
∂tphkldt
p ∧ dtk ∧ dtl
=
i
2
∑
k<p,l
[∂tphkl − ∂tkhpl]dt
p ∧ dtk ∧ dtl.
It follows that
(3.37) ∂ω̂ = 0⇔ ∂tkhij = ∂tihkj, ∀i, j, k.
Similarly, we get
(3.38) ∂ω̂ = 0⇔ ∂tkhji = ∂tihjk, ∀i, j, k.
Since h is Hermitian, this implies ∂ω̂ = 0⇔ ∂ω̂ = 0, and therefore
dω̂ = 0⇔ ∂ω̂ = 0⇔ ∂ω̂ = 0,
which is equivalent to
(3.39) ∂tkhij = ∂tihkj, ∀i, j, k.
Denote by ωji the connection forms of D
′ with respect to (ti). Since
(ti) are holomorphic, we have
(3.40) ωji = (∂h · h
−1)ij .
By relation (3.40), we conclude that relation (3.39) is equivalent to
ωji (∂tk)− ω
j
k(∂ti) = 0.
However, the above relation is equivalent to
D′∂ti∂t
j −D′∂tj∂t
i − [∂ti , ∂tj ] = 0, ∀i, j,
i.e. D′ is torsion free. 
So, by Corollary 2.9 and Lemma 3.35, we conclude that dω̂ 6= 0, i.e.
ω̂ is not a symplectic form on MR. 
Proof of theorem 2.10 (2). Assume that R˜eD
′
= ∇̂Re, we will derive
a contradiction.
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Lemma 3.41. Let M be a complex analytic manifold. Let h be a
Hermitian pseudo-metric on it. Let ĝ be the real part of h. Denote by
∇̂ the Levi-Civita connection of ĝ. If R˜eD
′
= ∇̂Re, then D
′
is torsion
free.
Proof. Since R˜eD
′
= ∇̂Re, then for any X, Y ∈ T
(1,0)
M , set X =
X1 + iX2, Y = Y1 + iY2, where Xi, Yj ∈ TMR. By a straightforward
computation, we have
D
′
XY =Re(D
′
XY ) + iIm(D
′
XY )
=Re(D
′
XY )− iRe(D
′
X iY )
=Re(D
′
X1
Y + iD
′
X2
Y )− iRe(iD
′
X1
Y + i2D
′
X2
Y )
=Re(D
′
X1
Y +D
′
X2
iY )− iRe(D
′
X1
iY −D
′
X2
Y )
=Re(D
′
X1
Y ) +Re(D
′
X2
iY )− iRe(D
′
X1
iY ) + iRe(D
′
X2
Y )
= ∇̂X1Re(Y ) + ∇̂X2Re(iY )− i∇̂X1Re(iY ) + i∇̂X2Re(Y ),
= ∇̂X1Y1 − ∇̂X2Y2 + i∇̂X1Y2 + i∇̂X2Y1,
= (∇̂X1Y1 − ∇̂X2Y2) + i(∇̂X1Y2 + ∇̂X2Y1).
The sixth equality holds because of R˜eD
′
= ∇̂Re and X1, X2 ∈ TMR .
Similarly, we get
D
′
YX = (∇̂Y1X1 − ∇̂Y2X2) + i(∇̂Y1X2 + ∇̂Y2X1).
Since ∇̂ is a torsion-free connection, i.e.
∇̂WiWj − ∇̂WjWi = [Wi,Wj ], ∀Wi,Wj ∈ TMR,
we obtain
D
′
XY −D
′
YX = (∇̂X1Y1 − ∇̂X2Y2) + i(∇̂X1Y2 + ∇̂X2Y1)
− (∇̂Y1X1 − ∇̂Y2X2)− i(∇̂Y1X2 + ∇̂Y2X1)
= {[X1, Y1]− [X2, Y2]}+ i{[X1, Y2] + [X2, Y1]}
= [X, Y ].
That is, D
′
is torsion-free. 
By Corollary 2.9, D′ is not torsion-free. However, by Lemma 3.41,
we get that D
′
is torsion-free. This gives a contradiction.
In order to end the proof of Theorem 2.10 (2), it remains to see that
∇ and ∇̂ cannot coincide. Let us now assume that t1, t2, . . . , tm are
∇-flat holomorphic local coordinates of M . Set tj = xj + iyj, then
x1, · · · , xm, y1, . . . , ym is a system of real local coordinates of MR.
Claim. If R˜e∇ = ∇̂Re, then x1, . . . , xm, y1, . . . , ym are ∇̂-flat.
Proof. Indeed, for any X in T
(1,0)
M , we then have R˜e(∇X) = ∇̂Re(X).
Applying this to X = ∂tj (resp. X = i∂tj ) gives the ∇̂-flatness of ∂xj
(resp. ∂yj ). 
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So ĝ(∂xi , ∂xj ), ĝ(∂xi , ∂yj ), and ĝ(∂yi , ∂yj ) are constants, hence all
ω̂(∂xi , ∂yj ) = ĝ(∂xi , J∂xj ) are constant. Similarly, all ω̂(∂xi, ∂xj ), ω̂(∂yi , ∂xj ),
and ω̂(∂yi , ∂yj ) are constant.
By relation (3.36), we conclude that all hkl are constant and from
(3.37) and (3.38) this implies dω̂ = 0. We conclude as above to a
contradiction. 
Proof of Corollary 2.11. Let t1, t2, . . . , tm be a system of ∇-flat holo-
morphic local coordinates of M such that e = ∂t1 . Denote by ω
j
i the
connection forms of D′ with respect to ti. Assume that the matrix
h = (hij) is diagonal. We will derive a contradiction. The matrix h
−1
is then also diagonal. It follows from (3.40) that
ωji = 0, ∀i 6= j.
For any CDV-structure, it follows from (1.23), (1.27) and Claim 2 that
the Chern connection D′ and g satisfy
(3.42) D′(g) = 0.
Under the condition ωji = 0, ∀i 6= j, (3.42) is equivalent to
(3.43) (ωii + ω
j
j )gij = 0, ∀i, j.
By the non-degeneracy of g, we know that, for any j, there exists a kj
such that gjkj 6= 0. So from (3.43), we deduce
(3.44) ωjj = −ω
kj
kj
.
Claim. ωjj = 0, ∀j.
Proof of the claim. For any j, set Kj = {ℓ | gjℓ 6= 0}. If j ∈ Kj, the
claim follows from (3.44). Assume now that j 6∈ Kj . The above claim
can be deduced from the following lemma.
Lemma 3.45. Given any quadruple (M,∇,Φ, D
′
), where M is a com-
plex analytic manifold, ∇ is a flat holomorphic connection on T
(1,0)
M , Φ
is a holomorphic symmetric Higgs field on M such that ∇(Φ) = 0, and
D
′
is a (1, 0) connection on T
(1,0)
M . Denote by t
1, t2, · · · , tm a system of
holomorphic ∇-flat local coordinates of M , and by ωji the connection
forms for D
′
. Then
D
′
(Φ) = 0⇔ Tkj = Tjk, ∀j, k ∈ {1, 2, . . . , m},
where Tkj := [C
(k), ω(j)], the matrices C(j) are defined by the relations
(3.2), and ω(k) are defined by
ω(k) := (ωqp(∂tk))m×m.
Proof of Lemma 3.45. D′(Φ) = 0 is equivalent to
D′∂
tj
(Φ∂
tk
)(∂ti) = D
′
∂
tk
(Φ∂
tj
)(∂ti), ∀i, j, k.
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Computing D′∂
tj
(Φ∂
tk
)(∂ti) we get
D′∂
tj
(Φ∂
tk
)(∂ti) = D
′
∂
tj
(Φ∂
tk
∂ti)− (Φ∂
tk
)(D′∂
tj
∂ti)
= −
∑
l
D′∂
tj
(Cik
l∂tl)−
∑
l
ωli(∂tj )Φ∂tk (∂tl)
= −
∑
l
∂tj (Cik
l)∂tl −
∑
l
Cik
lD′∂
tj
∂tl −
∑
l
ωli(∂tj )Φ∂tk (∂tl)
= −
∑
l
∂tj (Cik
l)∂tl −
∑
l,p
Cik
lωpl (∂tj )∂tp +
∑
l,p
ωli(∂tj )Ckl
p∂tp .
Computing D′∂
tk
(Φ∂
tj
)(∂ti) similarly we get
D′∂
tk
(Φ∂
tj
)(∂ti)
= −
∑
l
∂tk(Cij
l)∂tl −
∑
l,p
Cij
lωpl (∂tk)∂tp +
∑
l,p
ωli(∂tk)Cjl
p∂tp .
Because of the assumptions ∇2 = 0 and ∇(Φ) = 0, we conclude that
−
∑
l
∂tj (Cik
l)∂tl = −
∑
l
∂tk(Cij
l)∂tl , ∀i, j, k ∈ {1, 2, . . . , m}.
So D′(Φ) = 0 is equivalent to the following relation
−
∑
l,p
Cik
lωpl (∂tj )∂tp +
∑
l,p
ωli(∂tj )Ckl
p∂tp
= −
∑
l,p
Cij
lωpl (∂tk)∂tp +
∑
l,p
ωli(∂tk)Cjl
p∂tp ,
i.e.,∑
l,p
[
Cik
lωpl (∂tj )− ω
l
i(∂tj )Ckl
p
]
∂tp =
∑
l,p
[
Cij
lωpl (∂tk)− ω
l
i(∂tk)Cjl
p
]
∂tp .
So D′(Φ) = 0 is equivalent to∑
l
[
Cki
lωpl (∂tj )− Ckl
pωli(∂tj )
]
=
∑
l
[
Cji
lωpl (∂tk)− Cjl
pωli(∂tk)
]
,
∀i, j, k, p ∈ {1, 2, . . . , m}, which is the desired relation. 
Let us continue to prove the claim. Since for any CDV-structure, the
underlying quadruple (M,∇,Φ, D
′
) satisfies the assumption of lemma
3.45, and the relation D
′
(Φ) = 0 is included in the definition of a
CDV-structure, we get
(3.46) [C(j), ω(k)] = [C(k), ω(j)], ∀k, j.
Note also that Cj1
q = δjq because ∂t1 = e. So for any p, q, from relation
(3.46), we have∑
l
[Cjp
lωql (∂tk)− ω
l
p(∂tk)Cjl
q] =
∑
l
[Ckp
lωql (∂tj )− ω
l
p(∂tj )Ckl
q].
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Taking p = 1, q = j, we get
(3.47) ωjj(∂tk) = ω
1
1(∂tk), ∀k 6= j.
For any k, because dimCM ≥ 3, there exists j 6= k such that there
exists kj ∈ Kj with kj 6= k (otherwise, there would exist k such that,
for any j 6= k, we haveKj = {k}; this would imply that the matrix (gjℓ)
has zero entries except in the kth line and the kth column, so its rank
is at most two, which contradicts its invertibility when dimM ≥ 3).
Then, by (3.44) and (3.47),
ω11(∂tk) = ω
j
j (∂tk) = −ω
kj
kj
(∂tk) = −ω
1
1(∂tk), ∀k,
hence ω11 = 0 and ω
j
j (∂tk) = 0 ∀k 6= j. On the other hand, if kj ∈ Kj ,
we have j 6= kj, so
ωjj(∂tj ) = −ω
kj
kj
(∂tj ) = −ω
1
1(∂tj ) = 0. 
The claim implies
D′∂ti =
∑
j
ωji∂j = 0, ∀i.
Hence we have
∇∂tj = 0 = D
′∂tj , ∀j,
that is,
D′ = ∇.
However, by Corollary 2.8, we know that D′ 6= ∇. This gives a contra-
diction. 
4. Applications
4.1. Some consequences of Theorem 2.1. Given any Frobenius
manifoldM of dimension m, if we suppose that g(e, e) = 0 and that the
eigenvalues of ∇E are simple, then by Proposition 1.8, we can choose
∇-flat holomorphic local coordinates t1, t2, . . . , tm of M such that the
relations (1.9), (1.10), (1.11), (1.12), (1.13), (1.14) and (1.15) hold.
We will give a local expression of the relations given in the definition
of CDV-structure in these local coordinates. Let us denote by ω the
matrix (ωlk) defined by
(4.1) D′∂tk =
∑
l
ωlk∂tl
in any system of holomorphic local coordinates t1, t2, . . . , tm of M .
Lemma 4.2. Under the assumptions of Theorem 2.1 and Proposition
1.8, the relation D′(g) = 0 is equivalent to ωji + ω
m+1−i
m+1−j = 0, ∀i, j ∈
{1, 2, . . . , m}.
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Proof. By definition,
Dh(g) = 0.
is equivalent to
0 = dgij = g(Dh∂ti , ∂tj ) + g(∂ti , Dh∂tj ),
that is, to ∑
k
ωki gkj +
∑
k
ωkj gki = 0.
Now gij = δi+j,m+1 holds, so this is equivalent to
ωm+1−ji + ω
m+1−i
j = 0, ∀i, j,
and changing notation, this is equivalent to
ωji + ω
m+1−i
m+1−j = 0, ∀i, j ∈ {1, 2, . . . , m}. 
Remark 4.3. Under the assumptions of Theorem 2.1 and Proposition
1.8, we can get the relation D′(g) = 0 in another way. In fact by
Lemma 3.4, we have
h−1 = g · h · g,
so ∑
k
hik · hm+1−k,m+1−j = δij .
So we get∑
k
∂hik · hm+1−k,m+1−j +
∑
k
hik · ∂hm+1−k,m+1−j = 0.
Now we compute ωji first. we get ∀i, j ∈ {1, 2, . . . , m},
ωji =
∑
k
∂hik · h
kj
=
∑
k,l,p
∂hik · gkl · hlp · gpj
=
∑
k,l
∂hik · gkl · hl,m+1−j
=
∑
k
∂hik · hm+1−k,m+1−j ,
hence we have
ωm+1−im+1−j =
∑
k
∂hm+1−j,k · hm+1−k,i
=
∑
k
∂hm+1−j,m+1−k · hki
=
∑
k
∂hm+1−k,m+1−j · hik
i.e.,
ωji + ω
m+1−i
m+1−j = 0.
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Remark 4.4. Under the assumptions of Theorem 2.1 and Proposition
1.8, we get
(1) m = 2 implies that ω12 = ω
2
1 = 0, ω
2
2 = −ω
1
1, so if we want to
compute all ωij, we just need compute ω
1
1.
(2) m = 3 implies that ω13 = ω
3
1 = ω
2
2 = 0, ω
3
2 = −ω
2
1 , ω
2
3 =
−ω12 , ω
3
3 = −ω
1
1, so if we want to compute all ω
i
j, we just need
compute ω11, ω
2
1, ω
1
2.
Lemma 4.5. Under the assumptions of Theorem 2.1 and Proposition
1.8, if m = 3, then the relation D′(Φ) = 0 is equivalent to the following
three relations
ω21(∂t3) = ω
1
1(∂t2),
ω11(∂t3) = C223ω
2
1(∂t2) + ω
1
2(∂t2)− C222ω
1
1(∂t2),
ω12(∂t3) = C223ω
1
1(∂t2)− C233ω
2
1(∂t2).
Proof. Because ω(e) = 0, we just need to compute ω(∂t2) and ω(∂t3).
From Lemma 3.45, we know that D′(Φ) = 0 is equivalent to Tjk = Tkj
∀j, k ∈ {1, 2, . . . , m}.
Because when j = k, the above relations hold automatically, so the
non-trivial cases are that j = 2, k = 3 or j = 3, k = 2. However
j = 2, k = 3 and j = 3, k = 2 give the same relations.
Step 1◦ Take p = 3. We have
Tkj = C2ikω
3
2(∂tj ) + gikω
3
3(∂tj )− ω
4−k
i (∂tj )
By the relation ωji + ω
3+1−i
3+1−j = 0 we have
Tkj = −C2ikω
2
1(∂tj )− gikω
1
1(∂tj )− ω
4−k
i (∂tj )
If i = 1, then we get
T i=1kj = −gk2ω
2
1(∂tj )− gk1ω
1
1(∂tj )− ω
4−k
1 (∂tj ).
Then T23 = T32 is equivalent to
ω21(∂t3) = ω
1
1(∂t2).(4.6)
If i = 2, then T23 = T32 is equivalent to
C222ω
2
1(∂t3) + ω
1
1(∂t3) + ω
2
2(∂t3) = C223ω
2
1(∂t2) + 0 + ω
1
2(∂t2).
ω21(∂t3) = ω
1
1(∂t2) and ω
m+1−i
i = 0 hold, so
C222ω
1
1(∂t2) + ω
1
1(∂t3)− C223ω
2
1(∂t2)− ω
1
2(∂t2) = 0.(4.7)
If i = 3, then T23 = T32 is equivalent to
C223ω
1
1(∂t2)− C233ω
2
1(∂t2)− ω
1
2(∂t3) = 0.(4.8)
Step 2◦ Take p = 2. we have
Tkj = C3ikω
2
1(∂tj )− gikω
1
2(∂tj )−
∑
l
C2klω
l
i(∂tj )
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If i = 1, then T23 = T32 is equivalent to
C222ω
1
1(∂t2) + ω
1
1(∂t3)− C223ω
2
1(∂t2)− ω
1
2(∂t2) = 0.(4.9)
If i = 2, then T23 = T32 is equivalent to
C223ω
1
1(∂t2)− C233ω
2
1(∂t2)− ω
1
2(∂t3) = 0.(4.10)
If i = 3, then T23 = T32 is equivalent to
C223ω
1
1(∂t3)− C333ω
2
1(∂t2)− C223ω
1
2(∂t2) + C222ω
1
2(∂t3) = 0.(4.11)
Step 3◦ Take p = 1. we have
Tkj = C3ikω
1
1(∂tj ) + C2ikω
1
2(∂tj )−
∑
l
C3klω
l
i(∂tj ).
If i = 1, then computing it directly we have
C223ω
1
1(∂t2)− C233ω
2
1(∂t2)− ω
1
2(∂t3) = 0.(4.12)
If i = 2, then we have
C223ω
1
1(∂t3)− C333ω
2
1(∂t2)− C223ω
1
2(∂t2) + C222ω
1
2(∂t3) = 0.(4.13)
If i = 3, then we have
C333ω
1
1(∂t2)− C233ω
1
1(∂t3) + C233ω
1
2(∂t2)− C223ω
1
2(∂t3) = 0.(4.14)
So we just need five relations (4.6), (4.7), (4.8), (4.11) and (4.14),
i.e.,
ω21(∂t3) = ω
1
1(∂t2),
C222ω
1
1(∂t2) + ω
1
1(∂t3)− C223ω
2
1(∂t2)− ω
1
2(∂t2) = 0,
C223ω
1
1(∂t2)− C233ω
2
1(∂t2)− ω
1
2(∂t3) = 0,
C223ω
1
1(∂t3)− C333ω
2
1(∂t2)− C223ω
1
2(∂t2) + C222ω
1
2(∂t3) = 0,
C333ω
1
1(∂t2)− C233ω
1
1(∂t3) + C233ω
1
2(∂t2)− C223ω
1
2(∂t3) = 0,
Claim. The relations (4.7) and (4.8) together with WDVV-equation
imply the relations (4.11) and (4.14).
In fact, m = 3, so WDVV-equations is just
(C223)
2 − C222 · C233 − C333 = 0.(4.15)
From the relation (4.7) we get
ω11(∂t3) = −C222ω
1
1(∂t2) + C223ω
2
1(∂t2) + ω
1
2(∂t2).(4.16)
From the relation (4.8) we get
ω12(∂t3) = C223ω
1
1(∂t2)− C233ω
2
1(∂t2).(4.17)
So computing directly we prove that relations (4.15), (4.16) and
(4.17) imply relations (4.11) and (4.14). 
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Remark 4.18. Under the assumptions of Theorem 2.1 and Proposition
1.8, if m = 2, then the relation D′(Φ) = 0 is equivalent to
D′e∂t2 = ∂t2 ◦D
′
ee.
From D′(Φ) = 0 and D′ee = 0, we have ω
1
1(e) = 0, i.e., ehij = 0,
∀i, j ∈ {1, 2}. So computing ω11, we just need to compute ω
1
1(∂t2).
Lemma 4.19. If m = 2, under the assumption of Theorem 2.1 and
Proposition 1.8, we have h(a, b) = g(a, κb), κ2 = Id, which are equiva-
lent to the following relations:
|h12|
2 + h11h22 = 1,
h11h12 = 0,
h22h12 = 0.
Proof. Straightforward computation. 
Remark 4.20. If h is positive, then hii > 0, so h is diagonal
h = diag(h11, h
−1
11 ).
Otherwise if h11 = 0 or h22 = 0, we get
h11 = h22 = 0 and |h12| = 1.
Lemma 4.21. If m = 3, under the assumption of Theorem 2.1 and
Proposition 1.8, we have h(a, b) = g(a, κb), κ2 = Id, which are equiva-
lent to the following relations:
h11h33 + h12h32 + |h13|
2 = 1,
2h21h23 + (h22)
2 = 1,
h11h23 + h12h22 + h13h21 = 0,
2h11h13 + (h12)
2 = 0,
h12h33 + h22h23 + h13h32 = 0,
2h13h33 + (h23)
2 = 0.
Proof. Straightforward computation. 
Lemma 4.22. Under the assumptions of Theorem 2.1 and Proposition
1.8, Q = Q† is equivalent to the following relation
(E − E)h = h · A− A · h,
where the matrix Aij = δijdi. That is
(E − E)hij = (dj − di) · hij , ∀i, j.
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Proof. Q = D′E − LE −
2−d
2
· Id, so
h(Q(∂ti), ∂tj ) = h(D
′
E∂ti , ∂tj )− h(LE∂ti , ∂tj )−
2− d
2
hij
= (ω(E) · h)ij + di · hij −
2− d
2
hij
similarly, we have
h(∂ti ,Q(∂tj )) = h(∂ti , D
′
E(∂tj )− h(∂ti ,LE∂tj )−
2− d
2
hij
= (ω(E) · h)ji + dj · hij −
2− d
2
hij
Q = Q† means that
(ω(E) · h)ij + di · hij = (ω(E) · h)ji + dj · hij
We will simplify ω(E) · h and ω(E) · h in the following
ω(E) · h = E(h) · h−1 · h = E(h).
So
ω(E) · h = E(h) = E(h) = E(ht).
Similarly, we have (ω(E) · h)ji = E(hij).
So Q = Q† is equivalent to
(E(h)− E(h))ij = (dj − di) · hij = (h ·A−A · h)ij , ∀i, j. 
Remark 4.23. For m = 2, under the assumptions of Theorem 2.1 and
Proposition 1.8, if h is positive definite, then h = diag(h11, h
−1
11 ), hence
Q = Q† is equivalent to the following relation
Eh11 = Eh11.
From above discussion, we know that given any Frobenius manifold
(M, g, ◦, e, E) of dimension two and an anti-linear involution κ of T
(1,0)
M ,
they defined a positive CDV-structure if and only if the following rela-
tions hold 
h = diag(h11, h
−1
11 ),
h11 = h11(t2),
∂t2∂t2 log h11 = h
2
11|∂
3
2F |
2
− h−211 ,
Eh11 = Eh11.
The integrability of these equations is proved by Atsushi Takahashi
in [12], here “integrability” means that there exist a real analytic func-
tion h11 on M such that it satisfies the above equations. For m ≥ 3,
the sufficient and necessary conditions of CDV-structures simplify the
equations in the definition of the structure, but it is still not easy to
see the integrability of the determined equations of h.
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4.2. Application to harmonic Frobenius manifolds. In this sec-
tion, we exhibit a harmonic potential P (in the sense of [11]) for the
CDV⊕ structures given by Theorem 2.4, from which we keep the nota-
tions. Recall that P is an endomorphism of T
(1,0)
M which is in particular
a solution to {
D′P = Φ,
D′ = ∇− [P †,Φ].
We denote by (P βα ) the matrix of P in the fixed system of canonical
local coordinates, i.e.
Peα =
∑
β
P βα eβ.
From Theorem 2.4 and Lemma 3.28, we deduce that the relations
D′eαeβ = ∇eαeβ − [P
†,Φeα](eβ). ∀α, β
are equivalent to
(4.24) P αβ =
ηαβ
2|ηαηβ|
· ηβ, ∀α 6= β,
where ηαβ := eαηβ = eαeβη.
By a similar computation,
D′eα(P )(eβ) = Φeαeβ, ∀α, β
are equivalent to
eα(P
β
β ) = −δαβ ,
eα(P
γ
β ) = P
γ
β · [ω
β
β (eα)− ω
γ
γ (eα)], ∀α 6= β, ∀γ,
eα(P
β
α ) = P
β
α · [ω
α
α(eα)− ω
β
β(eα)], ∀α 6= β.
So if we take the matrix of P as follows
(4.25)

P ββ = −u
β,
P αβ =
ηαβ
2|ηαηβ|
· ηβ , ∀α 6= β.
then the endomorphism P satisfies D′P = Φ and D′ = ∇− [P †,Φ]. It
is easy to see this P also satisfies
P ∗ = P,
Set V := ∇E − 2−d
2
· Id. We will deduce the relation Q = V + [P †,U ] in
the following.
Since
P †
β
α = Kαα · P
β
α ·Kββ,
computing the right hand side directly, we get
(4.26)
{
P †
β
β = −u
β,
P †
β
α = ω
β
β(eα), ∀α 6= β.
34 JIEZHU LIN
By straightforward computations, we get
(4.27)
[P †,U ]eα = −
∑
β 6=α
(uβ − uα) · ωββ(eα) · eβ = −
∑
α6=β
(uβ − uα) ·
eαηβ
2ηβ
· eβ.
By a similar computation, we get
∇eαE =
2− d
2
· eα +
∑
β 6=α
(uβ − uα) ·
eαηβ
2ηβ
· eβ .
Hence we get
(4.28) Veα =
∑
β 6=α
(uβ − uα) ·
eαηβ
2ηβ
· eβ.
By relations (4.27) and (4.28), we conclude that
V + [P †,U ] = 0 = Q.
So we have proved
Proposition 4.29. The CDV⊕-structure constructed from Theorem
2.4 is a harmonic Frobenius manifold with the harmonic potential P
given by (4.25).
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